An inflation model with large variations in spectral index 
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Recent fits of cosmological parameters by tlie Wilkinson Microwave Anisotropy Probe (WMAP) 
measurement favor a primordial scalar spectrum with varying index. This result, if stands, could 
severely constrain inflation model buildings. Most extant slow-roll inflation models allow for only 
a tiny amount of scale variations in the spectrum. We propose in this paper an extra-dimensional 
inflation model which is natural theoretically and can generate the required variations of the spectral 
index as implied by the WMAP for suitable choices of parameters. 
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The recently released Wilkinson Microwave Anisotropy 
Probe (WMAP) data Q have been used to fit the cos- 
mological parameters and confront the predictions of in- 
flationary scenarios respectively in Refs. 2 and 3. It 
is found that the data (with no other significant pri- 
ors) can be best fitted by a standard ACDM model 
seeded by an almost scale- invariant, adiabatic, Gaus- 
sian primordial fiuctuation; predictions inferred from the 
model also agree with other cosmological measurements 
with high accuracies 0. It is noted that there might 
be possible discrepancies between predictions and obser- 
vations on the largest and smallest scales. The prob- 
lem at the smallest scales is improved when combined 
with data from finer scale CMB experiments (ACBAR 
and CBI) and structure formation measurements (2dF- 
GRS and Lyman a forest), for which a varying scalar 
primordial spectrum is favored by the best fit. At the 
pivot scale fco = 0.05 Mpc~^, the best- fit values for 
the scalar power spectrum are rig = 0.93 ± 0.03 and 
dus/dlnk = -0.03ltg;oi8 0; this means at a 2a level 
the spectrum runs from blue to red as the co-moving 
wave number k increases. As noted, the suppression of 
the power at the smallest scale might offer an interesting 
solution to the problem of the standard ACDM model at 
small scales 0- 

The intriguing result of a varying spectral index needs 
to be closely evaluated with improved statistics and with 
future data. If stands, it could severely constrain infla- 
tion model buildings. Most extant inflationary models 
allow for only a tiny amount of scale variations. In this 
paper we propose a single-field infiation model which is 
natural theoretically and can generate the required vari- 
ations of the spectral index as implied by the WMAP. 

For the single-field slow-roll infiationary models^ one 
usually defines the following slow-roll parameters 
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where primes represent derivatives with respect to the 
inflaton field, 0, and Mp = 2.4 x 10^^ GeV is the re- 
duced Planck mass. Slow-roll approximation requires 
hi; ICI ^ 1 ii^ the inflationary epoch. 



The primordial curvature (scalar) and tensor pertur- 
bation power spectra are given by [8| 
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evaluated when a particular mode crosses out the hori- 
zon. The tensor to scalar ratio r = Vh/V-ji w 16e is 
generally small in the slow-roll infiation. The spectral 
indices and their running are the slopes and curvatures 
of the power spectra. In terms of the slow-roll parame- 
ters, for scalar perturbations, they are 
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In most infiationary models, £,\r]\ 
1^1 - M|,/(A0)4, and the number of 
(A0)2/Mp, where Acf) is the displacement of the homo- 
geneous field 0, so there is a hierarchy in the slow-roll 
parameters, e, \r]\ ~ J^~^, ~ Af~'^, and the variations 
of the spectral indices, dus/dhik, are negligible. 

To achieve a running spectrum in the order favored by 
the WMAP, one has to consider infiation models with 
more exotic potentials ^9|, such as the running mass 
model |l(M and models with oscillating primordial spec- 
trum [ill . These models can generate significant spectral 
runnings, which could be as large as jt-s — 1. 

The Achilles heel of these inflationary models (and 
of the inflation paradigm in general) lies, arguably, in 
the difficulty of obtaining a sufficiently flat and stable 
(against radiative corrections) inflaton potential from the 
perspectives of particle physics. Symmetry principles 
must be invoked. There are only two known symme- 
tries which can protect the flatness of a scalar poten- 
tial: supersymmetry and the shift symmetry for a Pseudo 
Nambu-Goldstone Boson (PNGB). However, as shown in 
Ref. 15 and recently re-emphasized in Refs. ^3 and Q, 
supersymmetry alone cannot protect the flatness of the 
inflaton potential, since it is explicitly broken during in- 
flation, and the gravitational effects generically give a 
Hubble-scale mass correction to the inffaton. 

The shift symmetry was ffrst realized in the natural in- 
flation model ^3 . Still there are some difficulties in this 
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model. The flatness condition, in the simplest scenario 
with a single PNGB, requires the scale of spontaneous 
symmetry breaking and the values of the inflaton during 
the slow roll above the Planck scale, taking the model 
outside the regime of validity of an effective field theory 
description. Moreover, it is expected that the gravity- 
induced higher-dimensional operators are not suppressed. 

These issues have been recently re-examined in the 
context of extra dimensions (called extra-natural infla- 
tion in Ref. Il^l) . Consider a five-dimensional Abelian 
gauge field model with the fifth dimension compactified 
on a circle of radius R, we identify the inflaton field 6 with 
the gauge-invariant Wilson loop of the extra component 
A5 propagating in the bulk. 
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where (75 is the five-dimensional gauge coupling constant. 
At energies below is a four-dimensional field with 

an effective Lagrangian 
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with gl — gl/2'KR the four-dimensional effective gauge 
coupling constant. The non-local potential V{0) is gen- 
erated in the presence of particles charged under the 
Abelian symmetry [l^ . 

For bulk fields with bare masses Ma and charges qa the 
potential takes the form ^3 
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where the trace is over the number of degrees of freedom, 
and the superscripts F and B stand for fermions and 
bosons respectively. Here 
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with 

ra = e^^"^ , Xa = 2nRMa , 
and the poly- logarithm function Lifc(z) are 
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For massless particles {xa = 0) considered in Ref. 13' the 
potential is 
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where Fj = and 1 stand for massless bosonic and 
fermionic fields, respectively. 



Neglecting the higher power terms in Eq. H10(l . one 
obtains the same form of the potential as that of the 
natural inflation model. The effective decay constant of 
the spontaneously broken Abelian symmetry is 
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which can be naturally greater than Mp for a suffi- 
ciently small coupling constant 174 Moreover, due 
to the extra dimension nature, gravity-induced higher- 
dimensional operators are generally exponentially sup- 
pressed. This solves the forementioned problems of the 
four-dimensional natural inflation model^. The extra- 
natural model predicts a red-tilted scalar spectrum with 
negligible spectral runnings, same as that of the natural 
inflation. 

The model we propose in this paper includes one 
massless and one massive fields^ coupled to ^5, i.e., 
Ml — 0, M2 l/R, the corresponding potential for 

e is 
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Neglecting the higher power terms in the sum, and defin- 
ing a canonical field (j) = fesO, the effective Lagrangian 
of our model becomes'^ 



where 



1 — cos 



91^ 

/off 



(TCOS 



g20 
/off 



^ + X2 + 1 , Vo = 



(13) 



(14) 



Note that in our calculations we have added a a- 
dependent term to the potential, Eq. (|13|l . to make it 
vanish at the minimum. For cr = 0, this potential coin- 
cides with that of the natural inflation model. 
The slow-roll parameters of Eq. are 



fi^ {sin 9 + an sin k9)^ 
2 [1 — cos ^ — cr cos K^] 2 
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^ If n atur al inflation model includes a large Z in the kinetic 
termlTll. redefining the field gives rise to an efli'ective decay con- 
stant feff = \/^f, which ( as well as the inflaton field itself ) 
can also be larger than Mp, h owever a question remained is how 
to get a large Z naturallv ligl . 

^ Massive particles have also been considered in Ref. (20, in the 
context of extra-dimensional quintessence models. 

^ For a specific presentation, we set Fi = 1. The Fi = case is 
equivalent since it only corresponds to a co-ordinate shift in the 
potential. 
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where we have defined 6 — qi6 and 

^ = qiMp/fcs , K = (72/gi . 
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To see analytically the effects of a term, we consider 
the following choice of parameters: 1,(T<C 1, |cr|K<C 
1 and |cr|K^ ~ C'(l). When cosmological scales begin to 
cross out the horizon in the inflationary epoch, 9 ^ n, 
the slow-roll parameters are approximately 
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Hence e <C \r]\. The spectral index is determined by the 
r] parameter, Ug — 1 — 2ri, and the tensor fluctuation is 
negligible. 

From the above equations, one generically would have 
1^1 ^ 77^ ^ 10""*, corresponding to a negligible spectral 
variation. However, the large ctk^ term in Eq. (|21|l can 
enhance ^ substantially (to the size as large as ij), and 
lead to a scale varying spectrum. Furthermore, for ap- 
propriate choices of a and k, the scalar power spectrum 
can run from blue to red as the co-moving scale k in- 
creases. Such a tilted spectrum is favored by the current 
data of WMAP 0. 
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FIG. 1: Spectral indices Us and their runnings dus/dlnk for 
a = -3.8 X 10"*, n = 1/2, K = 100 (solid lines), and for 
a = 0.012, fj, = 1/3, « = 15 (dashed lines), fco = 0.002 Mpc"^ 
is the pivot scale of WMAP. 

We show this behavior of power spectrum running in 
Fig. n for the following choices of parameters: (a) <j — 



-3.8 X 10-"*, ^ = 1/2 and K = 100 (solid lines), and (b) 
(T = 0.012, fi = 1/3, K = 15 (dashed lines). To ensure 
the accuracy of our results, we have retained the higher 
power terms (up to rt = 6 for the massless particle) in the 
numerical calculations. We have also set the number of e- 
folding A/'(fc*) = 50 at a reference co-moving scale A:*; the 
WMAP analyses used pivot scales fco — 0.002 and 0.05 
Mpc~^ 0i 13' (This scale arbitrariness is the inherent 
theoretical uncertainty in our analysis; it can be resolved 
if the detail reheating history is known ^2)\.) Normalizing 
the spectral index to the WMAP central value Ug = 1.1 
at fco = 0.002 Mpc"^ J, we find dus/dlnk « -0.041 and 
~ —0.021 for case (a) and (b) respectively; they are in 
good agreements with the current WMAP fits 0,0 ■ Such 
a running feature of the spectral index does not exist in 
the usual natural or extra-natural inflation models. 
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FIG. 2; Regions in the K-a plane which give variations of the 
spectral index in the range —0.084 < dUs/dlnk < —0.027, 
for fi = 1/3. The spectral indices have been normalized to 
ris = 1.13 at the pivot scale fco- 

In Fig. 121 we delineate the parameter space that gives 
the required amount of spectral runnings (—0.084 < 
dus/dlnk < —0.027) 3J in our model. We have nor- 
malized the spectral index Us = 1.13 at the same pivot 
scale fco. We show allowed regions in the K-a plane, for 
fi — 1/3. The correlation between k and a can be un- 
derstood because one needs a certain amount of cancel- 
lations between the two terms in Eq. 1)20(1 (to achieve a 
spectral running from blue to red). 

In our models the size of the fifth dimension is deter- 
mined to be of the order R 10/A/p from the COBE nor- 
malization, ^ 10^^. For our choices of parameters, 
fi ^ 0.1, this implies the four- and five-dimensional gauge 
coupling constants 34 < 10^^/gi, < 10~^/qiMp. 

These parameter choices could be accommodated in 
models of fundamental theories. For example, string 
theory predicts a host of exotic particles with fractional 
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charges; one can obtain large charge ratios of the mas- 
sive to massless particles {k ~ 10-100) as required in 
our models. The massive particle has a mass of the or- 
der M2 ~ 0{1)R~^ , falls in the range of massive string 
states. It remains to be seen whether this kind of model 
can arise naturally from specific string models. 

The small gauge coupling constant (54 ^ 10~^ when 
qi ^ 0{1)) might seem worrisome, since string theory 
compactification generally requires g^MpR > 1 [l3l| . 
This problem can be improved by introducing many 
Abelian gauge fields in higher dimensions as in the as- 
sisted inflation model For a system with N Wilson 
loops 6i , the Lagrangian is given by 
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This system has a solution where all the 6i fields are 
equal, consequently it can be described by a single-field 
model through the redefinitions, /off — Vn /2ng4^R, V — 
NV^. The COBE normalization gives RN'^/^ ~ 10Mp\ 
which implies 34 lO^'^N^^^ . The above requirement 
can be naturally satisfied ii N ^ 100. 
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the fit significantly. With many Abelian gauge fields in 
the higher dimensions, we will show now this discrepancy 
can be alleviated. For simplicity of our discussion, con- 
sider two Wilson lines 9i and 62 , the Lagrangian for such 
a system is given by 
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Assuming adiabatic process with certain choice of pa- 
rameters, e.g., qi — 5q2, inflation will be firstly driven by 
the heavy field 0i and then by 02, with no interruption 
in between. The "double natural infiation" can gener- 
ate a primordial spectrum with a feature at the largest 
scales favored by current data. In Fig. |31 we give an 
example with qi = 5 and (72 = 1- The details of our 
calculations is similar to Ref . l25t we numerically calcu- 
late the primordial scalar and tensor spectra and fit the 
resulting CMB TT and TE spectra using WMAP likeli- 
hood codejl^ with CMBfast program ^2l\. We compare 
our result with WMAP team's best fit power law ACDM 
(PACDM) and running spectral index ACDM (RACDM) 
model. The CMB quadrupole as shown in Fig.|3is better 
suppressed in this model. 

In summary, the WMAP result of a varying spectral 
index, if stands, could be used as a discriminator for 
infiationary models; most extant models allow for only 
a tiny amount of scale variations in the spectral index 
and could face a severe challenge. We have studied in 
this paper the possibility of building inflation models 
with large running spectral indices, and specifically pro- 
posed a higher-dimensional model which can generate 
dn/dlnk ^ -0(10"^), favored by the WMAP analyses. 
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FIG. 3: Suppression of CMB quadrupole in the double natural 
inflation model. The CMB data with error bars are taken 
from WMAP collaborations 01- 

Before concluding, we comment on the possible dis- 
crepancy between predictions and COBEj23|, WMAP 
observations on the largest scales [2 0|- argued in 
Ref.i, the need of large running is due to the suppressed 
multipoles at / = 2, 3, 4. However as shown in Ref. the 
possibility of finding a lower value of quadrupole in the 
presence of a constant running of the spectral index is no 
more than 0.9 percent for a spacial fiat ACDM cosmol- 
ogy. In our model, the running index dus/dlnk is not a 
constant, but we have checked that it does not improve 
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